Hole spins in semiconductor quantum dots or bound to acceptor impurities show promise as potential qubits, partly because of their weak and anisotropic hyperfine couplings to proximal nuclear spins. Since the hyperfine coupling is weak, it can be difficult to measure. However, an anisotropic hyperfine coupling can give rise to a substantial spin-echo envelope modulation that can be Fourieranalyzed to accurately reveal the hyperfine tensor. Here, we give a general theoretical analysis for hole-spin-echo envelope modulation (HSEEM), and apply this analysis to the specific case of a boron-acceptor hole spin in silicon. For boron acceptor spins in unstrained silicon, both the hyperfine and Zeeman Hamiltonians are approximately isotropic leading to negligible envelope modulations. In contrast, in strained silicon, where light-hole spin qubits can be energetically isolated, we find the hyperfine Hamiltonian and g-tensor are sufficiently anisotropic to give spin-echo-envelope modulations. We show that there is an optimal magnetic-field orientation that maximizes the visibility of envelope modulations in this case. Based on microscopic estimates of the hyperfine coupling, we find that the maximum modulation depth can be substantial, reaching ∼ 10%, at a moderate laboratory magnetic field, B 200 mT.
I. INTRODUCTION

Recent theoretical
1,2 and experimental 3,4 work has shown that hole spins bound to boron acceptors in silicon may be viable qubits. In this system, a strong spin-orbit coupling can be used to manipulate the spins with electric fields while the influence of electrical noise is suppressed.
1 This type of all-electrical control is more difficult in electron-spin systems, where the spin-orbit interaction is weaker. A further possible advantage of hole spins is a weak and anisotropic hyperfine coupling that can be controlled to extend spin coherence times. 5 A hole spin bound to an acceptor in silicon therefore offers certain important advantages over other spin qubits.
Hyperfine interactions can have a significant influence on the spin dynamics of both electrons and holes in semiconductor nanostructures. To accurately control these spins, it is important to first experimentally extract details of the relevant hyperfine parameters. Spectroscopic techniques (e.g., paramagnetic spin resonance) can be used to resolve the large hyperfine splittings for electrons bound to donor impurities. 6, 7 However, these methods applied to, e.g., boron acceptors in silicon have not yet resolved the much smaller hyperfine couplings expected for p-like orbitals composing the valence band, for which the dominant contact interaction vanishes. For example, in Ref. 8 it has been estimated that the hyperfine field for boron acceptors must be less than ∼ 0.7 mT to be consistent with recent spin-resonance measurements. This is in contrast with the larger hyperfine field of A/gµ B 3.6 mT experienced by a phosphorus-donorbound electron in Si (g 2) due to the hyperfine coupling to a 31 P nuclear spin (A/h 100 MHz). Spectral holeburning experiments showing the transfer of spin polarization from boron acceptors to surrounding 29 Si nuclear spins indicate that the hyperfine coupling must be finite, but of undetermined strength.
9
Although the hyperfine coupling has not yet been experimentally resolved for boron acceptors in pure silicon, electron-nuclear double resonance (ENDOR) experiments have established the hyperfine coupling and quadrupolar splittings for boron acceptors at several lattice sites and in several polymorphs of SiC (specifically, 3C-, 4H-and 6H-SiC). These experiments give hyperfine fields on the order of A/gµ B ∼ 0.1 mT. 10, 11 If the hyperfine coupling is similarly weak for boron acceptors in pure silicon, it may not have been visible in Ref. 8 , but it would nevertheless have important implications for holespin dynamics.
As an alternative to ENDOR, direct measurements of electron-spin-echo envelope modulation (ESEEM) 12, 13 can be a sensitive probe of the hyperfine coupling when that coupling is anisotropic. This technique has been successfully applied, for example, to understand the anisotropic hyperfine coupling for weakly coupled 29 Si nuclear spins surrounding a phosphorus donor impurity in isotopically enriched 29 Si 14 and for 13 C nuclear spins weakly coupled to nitrogen-vacancy-(NV-) center spins in diamond. 15 The influence of echo envelope modulation on decoherence/dynamics for donor-bound electrons and NV-center spins has also been analyzed in detail theoretically.
Here, we theoretically establish conditions (e.g., strain, magnetic field) for an experiment to extract hyperfine parameters from hole-spin-echo envelope modulations (HSEEM), applicable to an acceptor impurity or quantum-dot-bound hole spin. In particular, we find that envelope modulations will be negligible for hole spins in unstrained silicon, but by introducing biaxial tensile strain, a light-hole spin qubit can show substantial modulations. For concrete calculations, we focus on the case of a light hole bound to a boron acceptor in silicon, where we expect the effect of envelope modulations to be significant. However, much of the analysis presented here translates naturally to hole spins at other acceptor sites or in semiconductor quantum dots in group IV or III-V materials having a valence band with states that transform according to the Γ 8 representation of the T d group at the band extremum. The HSEEM effect studied here has the same basic origin as ESEEM, introduced by Rowan, Hahn, and Mims (Refs. 12 and 13). This effect is distinct from modulations arising from non-secular hyperfine couplings for heavy-hole spin qubits, 19, 20 or from measurement feedback effects.
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There are several issues that distinguish the case of HSEEM from the more conventional ESEEM. For example, in contrast with the case of a donor-bound electron, acceptor-bound hole spins have a highly anisotropic gtensor. This anisotropy, along with the anisotropy of the hyperfine interaction, result in a visibility (modulation depth) of envelope modulations that has a nontrivial dependence on the applied magnetic-field orientation ( Fig. 1, below) . The modulation depth also depends on the strength of the hyperfine interaction, relative to the nuclear-spin Larmor frequency. To establish the maximum experimentally achievable modulation depth, we have determined the optimal magnetic-field orientation for a boron acceptor in silicon. In addition, we have estimated the form and typical energy scale determining the acceptor hyperfine tensor from a semiempirical microscopic analysis.
From the estimated hyperfine tensor for a boron acceptor, we evaluate the echo envelope function for a lighthole spin qubit [ Fig. 1(a) , below]. We find substantial modulation amplitude ( 10%) in a moderately weak magnetic field (B 200 mT). The maximum modulation depth can be achieved only when the magnetic-field orientation has been optimized [see Fig. 1(b) ]. This suggests that (under reasonable, but carefully designed experimental conditions), the hyperfine tensor can be extracted for a boron acceptor spin.
The rest of this article is organized as follows: in Sec. II we review HSEEM and explain how it can be used to measure hyperfine couplings. In Sec. III we estimate the hyperfine tensor for a boron acceptor in silicon. In Sec. IV, we describe how the hyperfine tensor from Sec. III can be combined with the general analysis of Sec. II to predict envelope modulations for a light-hole spin qubit. In Sec. V we present our conclusions.
II. HOLE-SPIN-ECHO ENVELOPE MODULATIONS (HSEEM)
A. Spin Hamiltonians
The hyperfine interaction for a hole-spin qubit in contact with a nuclear spin I can generally be written (with = 1) as
where S is a pseudospin-1/2 operator acting in the twodimensional qubit Hilbert space, ← → A is the hyperfine tensor, and B gives rise to a chemical shift that may depend on the hole wavefunction, but is generally independent of the value of the pseudospin. If the qubit under consideration is composed of a Kramers doublet (two states related by time reversal), B vanishes identically. 23 In an applied magnetic field B, the full Hamiltonian is
where ← → g is the hole-spin g-tensor, µ B is the Bohr magneton, and γ is the nuclear-spin gyromagnetic ratio. For simplicity, we take the direction of the magnetic field, B, to define the z-axis (ẑ =B = B/ |B|). We neglect the quadrupolar interaction between the nuclear spin and an electric-field gradient (this becomes exact for a nuclear spin I = 1/2 with a vanishing quadrupole moment or for a local cubic symmetry, leading to a vanishing electric-field gradient 24 ). The Hamiltonian, Eq. (2), can be rewritten in terms of the nuclear-spin Zeeman splitting and the hole pseudospin splitting due to an effective magnetic field, B eff = B · ← → g as
where Ω S = µ B B · ← → g = µ B |B eff | is the pseudospin splitting due to B eff , ω I = γB is the nuclear-spin Zeeman splitting, and S c =ĉ · S, whereĉ :=B eff = B eff /B eff .
When Ω S |A αβ |, we retain only the secular contributions (those that commute with S c ), giving
where we restrict to the case B → 0. Terms that do not commute with the nuclear-spin Zeeman term, ∼ I z , are included since the nuclear-spin Zeeman energy may be comparable to the hyperfine parameters, ω I ∼ A αβ .
Equations (4) and (5) are the standard starting point for studies of electron-spin-echo envelope modulation.
12,16,17
B. Hahn echo envelope
In a hole-spin Hahn echo experiment, the hole pseudospin is initially aligned with the effective magnetic field (i.e., alongĉ). A π/2-pulse is then applied, resulting in an equal superposition of Zeeman eigenstates. After some time τ , a π-pulse is performed to invert the spin, followed by a free evolution and detection after a further time τ .
The time-evolution operator describing the dynamics of this Hahn echo pulse sequence is given by
where
is the the time-evolution operator under the Hamiltonian H 0 [Eq. (4)] and
represents a rotation by angle θ around theb axis, witĥ a,b, andĉ forming a right-handed triad:â =b ×ĉ.
We take π-and π/2-pulses to be instantaneous relative to the time scale of envelope modulations. The echo envelope, V (τ ), describes the coherence of this hole spin at the end of a Hahn echo sequence and is defined as
and the density operator at the end of the sequence is given by
with ρ(0) describing the initial state. For explicit calculations, we now specialize to the case where the hole spin is prepared in the Zeeman ground state, |⇓ ⇓|, and the nuclear spin is described by a maximally mixed (infinite-temperature) state, so that
where |⇑ (|⇓ ) is an eigenstate of S c with eigenvalue +1/2 (−1/2). The echo envelope, V (τ ), results from a sum over rotations of the hole pseudospin arising from each nuclear-spin Zeeman eigenstate, labeled by m I , the eigenvalue of I z . A consequence of the choice of (infinitetemperature) initial conditions [Eq. (12) ] is that the average S b (2τ ) = 0 is preserved throughout the evolution and V (τ ) = 2 S a (2τ ) (a real quantity). For a nonequilibrium (or low-temperature thermal) state of the nuclear-spin system, V (τ ) may generally become complex and the specific expressions given below will not be realized. The echo envelope V (τ ) would, however, be constructed from the same Fourier components, realized from the eigenvalues of H 0 . In an ensemble, a finitetemperature pseudo-pure hole-spin initial state will result in the same dynamics described here, but with a reduction in V (τ ) by a factor Ω S /k B T at high spin temperature (for Ω S /k B T 1). 
C. Extracting hyperfine parameters
The full Hamiltonian (in the secular approximation and in a rotating frame at the hole Zeeman frequency with corresponding unitary U Z (t) = e iΩ S Sct ) is given, from Eqs. (4) and (5), bỹ
where β ∈ {x, y, z}.
A cy S c I y ), the nuclear-spin quantization axis depends on the state of the hole spin. Inverting the hole-spin orientation with a π-pulse during the Hahn echo sequence [Eq. (6)] then results in an interference effect. This produces a beating (modulations) in the echo envelope function. 12 This signal can be used to extract information about the hyperfine constants A cβ . There are wellknown ways to do this extraction (see, e.g., Ref. 14 where the envelope-modulation frequencies were measured as a function of the magnetic-field orientation). Here, for completeness, we illustrate how these parameters can be found in the present context and with a fixed magneticfield orientation. For the Hamiltonian,H, and for the initial conditions given by Eq. (12), the echo envelope can be approximated by 13, 25 
are the nuclear-spin precession frequencies, and where
is the non-collinear part of the hyperfine interaction. In addition, the modulation depth V 0 is given by
and k is a parameter introduced in Ref. 13 that gives the spin-echo modulation depth for a nuclear spin I = 1/2. Equation (14) applies in the limit of a small modulation depth, with corrections of order ∼ O(k 2 ) . 25 The parameter k depends on both the orientation and the magnitude of the magnetic field, B. The orientation of B determines theĉ axis and k depends onĉ through A nc [see Eqs. (16) and (17)]. We can therefore maximize k with an appropriate choice for the magnetic-field orientation [ Fig. 1(b 
[see Eq. (17)]. Thus, k (and V 0 ) are strongly suppressed in a strong magnetic field. From measurements of V (τ ), the hyperfine parameters, A cz and A nc , can be determined independently via Fourier analysis, provided the nuclear-spin Larmor frequency, ω I , is known. If the qubit under consideration were not composed of a Kramers doublet, the nuclearspin Larmor frequency may generally be affected by a finite chemical shift B = 0, introduced in Eq. (1) (this could be the case, e.g., for a mixed heavy-hole/light-hole qubit system). In such a situation, ω I should be measured independently to establish the hyperfine parameters. The analysis presented here has so far neglected a finite Hahn-echo decay time (T 2 ). To extract the hyperfine coupling ∼ A cz from envelope modulations, it is important that the envelope decay time be sufficiently long. A minimal condition to resolve the coupling constant A cz is T 2 > /A cz . We discuss this condition in the context of a light-hole qubit at a boron acceptor impurity in silicon in Sec. IV A, below.
III. HYPERFINE TENSOR FOR A BORON ACCEPTOR IN SILICON
Both the form and typical size of the hyperfine tensor can have an important influence on the visibility of envelope modulations. To accurately estimate the hyperfine tensor, it is important to have a precise description of the electronic state in the immediate vicinity of the nucleus. In general, this requires careful consideration of central-cell corrections, since the envelope-function approximation breaks down due to the ∼ 1/r singularity in the impurity potential.
26-28 If we are willing to forgo a high degree of accuracy, a reasonable procedure is to start from the states evaluated within the envelope-function approximation and to adjust these states appropriately to account for short-ranged corrections. A similar approach was followed by Kohn and Luttinger (Ref. 29) in early work on the hyperfine coupling for a phosphorus donor impurity in silicon.
Two corrections to the wavefunctions are required in the Kohn-Luttinger approach. First, the bulk silicon Bloch functions should be replaced by atomic-like functions of appropriate symmetry and extent to characterize the wavefunction near the impurity nucleus. Second, the electronic density should be rescaled to account for short-ranged corrections in the 'central-cell' (this is equivalent to rescaling the envelope function very close to the impurity nucleus). This central-cell correction is indicated by the fact that the binding energy calculated in the envelope-function approximation underestimates the true binding energy, suggesting a higher density near the impurity is required to account for the short-ranged potential. To calculate the hyperfine coupling for a phosphorus donor, Kohn and Luttinger estimated a rescaling parameter based directly on the experimentally measured binding energy and the solution to an envelope-function equation in an exterior region (outside a specified cutoff radius). This procedure has the disadvantage that the result depends on the choice of cutoff radius. Here, we take a slightly different approach. To estimate the rescaling parameter for a boron acceptor in silicon, we take advantage of the experimentally well-established hyperfine coupling for a phosphorus donor. The phosphorus donor and boron acceptor in silicon have similar binding energies (see Table I , below), suggesting the two problems may have similar electrostatics.
30 Based on this observation, we can extract the rescaling parameter from the known hyperfine coupling for a phosphorus donor and use it as an approximate proxy for the rescaling parameter of the boron acceptor. This procedure avoids potential ambiguity in the choice of cutoff radius. Based on the results obtained by Kohn and Luttinger for a donor impurity, we expect this procedure should give the strength of the hyperfine tensor for a boron acceptor to within a factor of 2-3, sufficient to establish whether the tensor can be measured experimentally under reasonable conditions.
For a donor or acceptor impurity, the wavefunction associated with spin σ =↑, ↓ for a ground-state doublet labeled by pseudospin σ can be approximated (far from the impurity nucleus) with the envelope-function approximation assuming N v degenerate valleys related by symmetry (e.g., N v = 6 for the conduction band of silicon and N v = 1 for the valence band of silicon):
. (18) Here, F ν (r) is an envelope function that solves the Schrödinger equation for a slowly varying impurity potential and with an effective-mass tensor associated with band/valley index ν at wavevector k = k ν . The symbol S σ indicates the subset of symmetry-related band/valley states associated with pseudospin σ . We have neglected spin-orbit coupling in the envelope equation, leading to a spin-independent envelope function F ν (r). However, the Bloch functions ψ σ νk (r) solve the Schrödinger equation for the perfectly periodic bulk crystal potential including the short-ranged spin-orbit coupling:
The lattice-periodic Bloch amplitudes u σ νk (r) are normalized over the primitive-cell volume, Ω, and the envelope functions are normalized over all space:
To separate the isotropic and anisotropic hyperfine interactions, it is useful to expand the Bloch functions around the impurity site at r = 0 in terms of spherical harmonics,
where R σν lm (r) are radial functions. We first restrict to the case of donor states, where the dominant contribution to the hyperfine interaction arises from the l = 0 (s-like) term in the expansion given in Eq. (21) . From the transformation properties of the valley states under crystalline and time-reversal symmetries, all l = 0 contributions can be related to a common radial function R s (r), independent of σν:
where α s is a parameter controlling the degree of shybridization, and R s (r) describes the radial function in the immediate vicinity of the impurity, normalized to an atomic volume (
For the l = 0 (s-like) contribution, only the isotropic Fermi contact interaction contributes, yielding the effective spin Hamiltonian for the conduction-band states:
where A i is the contact hyperfine interaction, proportional to the on-site electronic density, and i labels the nuclear isotope. Within the envelope-function approximation, we take F ν (r) F ν (0) to be approximately constant in the vicinity of the nucleus. Consistent with this limit, applying Eq. (18), and the expansion, Eq. (21), gives the hyperfine coupling to a phosphorus-donor nuclear spin (i = 31 P) in silicon:
23,29
Here, µ 0 is the vacuum permeability and N v = 6 for the conduction band of silicon. We have approximated the envelope function for a phosphorus donor with the form for an isotropic effective mass, F ν (r) We now consider states relevant to acceptor impurities, with pure p symmetry (states that only have an l = 1 contribution to their spherical harmonic expansion). The top of the valence band in bulk silicon is fourfold degenerate. This degeneracy is generally broken into two Kramers doublets (at zero magnetic field) due to confinement and strain in the vicinity of an acceptor impurity. Here, we consider the pair of states ν = σ that transform like the J 3 = ±1/2 (light-hole) states of the Γ 8 representation of the T d double group (which we label with ν = σ =⇑ and ν = σ =⇓), where J 3 characterizes angular momentum about the x 3 axis. The effective hyperfine Hamiltonian then takes the anisotropic form [found by projecting Eq. (B2) in Appendix B onto the light-hole subspace]
23,35
where A i is the hyperfine parameter for isotope i and S j and I j , with j ∈ {1, 2, 3}, are (pseudo)spin operators obeying the usual commutation relations:
The coordinate system defined by x j (j = 1, 2, 3) is generally determined by strain/confinement in the vicinity of the acceptor, 36 independent of the orientation of the applied magnetic field B (∝ẑ) and the effective field acting on the hole spin due to an anisotropic g-tensor, B eff (∝ĉ). The relationship between these quantities is indicated in the inset of Fig. 1(b) .
Averaging the hyperfine Hamiltonian as in the case of a phosphorus donor, described above, but now for states describing a boron acceptor impurity in silicon, gives
where F ν (r) = F B (r) is the boron-acceptor envelope function and R p (r) is the radial part of the Bloch function at the valence-band maximum in silicon (k = 0), normalized over an atomic volume. As described above, we have assumed pure p-like states, α p = 1. Accounting for p-d hybridization of the acceptor state would, in general, modify the anisotropy of the hyperfine tensor.
In writing Eq. (27), we have furthermore neglected longranged contributions to the hyperfine interaction between a nuclear spin and electron/hole spin density in a distant unit cell.
5,37
The radial function R p (r) is related to the radial functions from Eq. (21) through
where all other R σν lm (r) vanish and the numerical factors are determined by Clebsch-Gordan coefficients.
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To account for deviations in the wavefunctions in the central-cell region, we now make two adjustments to the usual envelope-function approximation, as described above. First, the radial functions R s(p) (r) associated with the silicon Bloch functions are replaced with hydrogenic orbitals having an effective core charge determined by Hartree-Fock theory for free boron and phosphorus atoms (taken from Ref. 38) . Specifically, we replace R s (r) with a 3s radial function with effective charge Z P = 5.64 for the phosphorus donor and R p (r) is replaced with a 2p hydrogenic radial function with effective charge Z B = 2.42 for the boron acceptor. Second, the scaling parameters |F P (B) (0)| 2 should be determined to account for the central-cell correction. With the normalization given in Eq. (20), |F P (B) (0)| 2 corresponds to the probability to find the electron/hole in the centralcell region. For a phosphorus donor impurity, Eq. (25) can be used to extract |F P (0)| 2 from the known value of the hyperfine coupling, 6 A 31 P /2π = 117 MHz:
Equation (30) should be contrasted with the result from a direct application of the Kohn-Luttinger envelope function, F KL P (0) 2 = Ω/πa l a 2 t = 0.0019 with a j = a 0 κm 0 /m j ; j = l, t. Here, a 0 is the Bohr radius, m 0 is a free-electron mass, κ = 11.7 is the dielectric constant for bulk silicon, and the longitudinal/transverse effective masses are m l = 0.98, m t = 0.19. Empirically, the hyperfine coupling is therefore enhanced by a factor of 7 relative to the value expected within the envelope-function approximation. Based on density functional calculations for bulk silicon, 23 we find that replacing the silicon Bloch functions with a 3s hydrogenic function for phosphorus leads to a further enhancement of the hyperfine coupling by a factor of 3. The combination of these two effects, due to central-cell corrections and strain in the vicinity of the donor, lead to more than an order-of-magnitude increase in the hyperfine coupling relative to what would be expected from a naïve application of the envelopefunction approximation.
To approximate the hyperfine coupling for a boron acceptor from Eq. (27), we take
with |F P (0)| 2 established empirically from Eq. (30). Equation (31) is justified by the observation that the binding energies of phosphorus donors and boron acceptors are similar (see Table I ), and hence that the electrostatics and resulting central-cell corrections may therefore be similar. Note that effective mass theory fails in the vicinity of the impurity potential, so it is not clear what (if any) further corrections could be made to Eq. (31) to account for the different effective masses in the conduction and valence bands. The ultimate accuracy of Eq. (31) should be determined experimentally through direct measurements of the hyperfine coupling constants. Here, we use this relation only to establish the plausibility of measuring envelope modulations for a boron-acceptor-bound light-hole spin qubit under realizable experimental conditions. Using the assumption given in Eq. (31) gives
This result is also displayed in Table I . This hyperfine coupling is sufficiently small that it may not have been resolved in the experiments of Ref. 8, but should be observable in the HSEEM experiments described above. Although it is not clear that the values should be the same (or even comparable), the estimate given in Eq. (32) for a boron acceptor in silicon is within a factor of ∼ 3 of the hyperfine coupling for boron acceptors in SiC measured with ENDOR. 10, 11 While the hyperfine coupling for boron acceptors in SiC may not be a good measure of the hyperfine coupling for boron acceptors in silicon, the ENDOR experiments described in Refs. 10 and 11 provide evidence that even the weak (relative to electrons) hyperfine interaction for holes can have a measurable effect.
The estimated value given in Eq. (32) has been used to generate the plots in Fig. 1 , where we have considered the case of 11 B as an example. The hyperfine coupling for a boron acceptor in silicon (as estimated here) is roughly two orders of magnitude smaller than the coupling for a phosphorus donor. Nevertheless, an HSEEM experiment would show echo envelope modulations with reasonable visibility V 0 0.1 at sufficiently low magnetic fields B 200 mT.
IV. HSEEM FOR A HOLE-SPIN QUBIT
A boron-acceptor-bound hole spin will generally couple to the nuclear spin associated with either of the stable isotopes, 10 B (I = 3) or 11 B (I = 3/2). In addition, the hole spin may also couple to proximal 29 Si (I = 1/2, natural abundance 4.7%). In what follows, we will neglect coupling to nearby 29 Si. This is justified either by the weaker overlap of the hole envelope function with nuclear spins far from the central boron potential, or by considering acceptors in isotopically purified 28 Si/ 30 Si (both isotopes having nuclear spin I = 0). Furthermore, since both boron isotopes have a nuclear spin I > 1/2 and the boron acceptor in silicon has tetrahedral (T d ) symmetry, the nuclear quadrupolar interaction does not generally vanish. However, when the quadrupolar spitting is much smaller than the anisotropic part of the hyperfine interaction, the quadrupolar interaction can be neglected in calculating echo-envelope modulations. 10 We are unaware of direct measurements for the quadrupolar splittings or hyperfine couplings for boron acceptors in silicon. However, ENDOR measurements on several polymorphs of SiC give quadrupolar splittings that are ∼ 10% of the measured value of A nc .
10,11 The crystalline and electronic structure of SiC differs from that of silicon and may generally lead to distinct values of the hyperfine coupling and quadrupolar splitting. Nevertheless, our estimated value of the hyperfine coupling for a boron acceptor in silicon is comparable to the measured values for boron acceptors in SiC (see Sec. III). Provided the quadrupolar splittings in both materials are also similar, ignoring the quadrupolar interaction is well justified here.
In Ref. 4 , hole-spin-echo experiments have been carried out for both strained and unstrained samples. Without externally applied strain, the ground space of a boron acceptor in silicon is fourfold degenerate, spanned by the heavy-hole (J 3 = ±3/2) and light-hole states (J 3 = ±1/2). We neglect the small anisotropy term, . Under these conditions, the secular hyperfine coupling (the part that commutes with the valence-band Zeeman Hamiltonian) will commute with the nuclear Zeeman term for any orientation of the applied magnetic field, B. The result is that the nuclearspin quantization axis will be independent of the holespin state, and there will be no echo envelope modulations under these conditions. In contrast, under biaxial tensile strain, the ground space is spanned by only the light-hole ( (26)] show strong anisotropy. In this case, we expect substantial envelope modulations for the appropriate orientation of B. Up to small corrections, the dynamics of the acceptor-bound light-hole spin coupled to a boron nuclear spin will therefore be well described by the analysis presented in Sec. II C.
For a light-hole spin bound to a boron acceptor (boron isotope i) in silicon, A i cz and A i nc can be determined using the light-hole hyperfine tensor [Eq. (26) ] and the gtensor described in Appendix A, following the procedure outlined in Sec. II A. This procedure gives
Inserting Eqs. (33) and (34) into Eq. (17) gives the orientation (θ) dependence of the modulation depth, V 0 . In Fig. 1(a) , we show the echo envelope, V (τ ), for a lighthole spin bound to a 11 B acceptor. The magnetic field orientation θ has been chosen to maximize the modulation depth, V 0 [ Fig. 1(b) ]. The plots have been obtained using the estimate for A 11 B discussed in Sec. III.
Recent spin-echo experiments have been performed on an ensemble of boron acceptors in strained silicon, where the light-hole spin can be energetically isolated. 4 In these experiments, the applied magnetic field was oriented inplane [corresponding to θ = π/2 in Fig. 1(b) ] to maintain a high quality factor for a superconducting resonator used for inductive detection. Since we predict V 0 0 for θ = π/2, we do not expect envelope modulations to be visible under the specific conditions of Ref. 4 . However, our analysis predicts significant modulations for a similar experiment with an out-of-plane component of magnetic field.
For illustrative purposes, we have focused here on the case of a single boron acceptor in silicon, and have considered the example of 11 B. The same analysis gives the envelope modulation for a 10 B acceptor if we account for the difference in nuclear spin I and gyromagnetic ratio γ i for the two isotopes i (see Table I ). In particular, we can relate the two signals noting that both the nuclear Larmor frequencies and the hyperfine couplings are related by the gyromagnetic ratios:
This relationship assumes two isotopes of the same chemical species and neglects small corrections to the electronic structure due to the difference in nuclear mass. The echo envelope signal arising from an ensemble of many boron acceptors including both isotopes will be given by a weighted average:
where 
where ω i ± and V i 0 are the frequencies and modulation depth parametrizing the echo envelope V i (τ ). If the isotopes in the sample are distributed according to the natural isotopic abundances (see Table I . Thus, for a natural isotopic abundance, we expect the envelope modulations arising from the two isotopes to have comparable amplitudes and the modulation frequencies are simply related by the gyromagnetic ratios of the two isotopes.
A. Model limitations
Several limitations of the model have alredy been discussed. Here, we collect and discuss the most significant limitations to be considered if an experiment is to accurately extract the hyperfine parameters.
Finite coherence time-To extract the hyperfine couplings experimentally from envelope modulations, the Hahn-echo decay time, T 2 , should exceed the typical inverse hyperfine coupling strengths. From our estimate of the hyperfine coupling (A nc /h ∼ A cz /h ∼ A /h 1 MHz for 11 B as given in Table I 28 Si. This suggests that recently measured coherence times are long enough to extract the hyperfine parameters from envelope modulations.
Non-uniform strain distribution-For an ensemble of acceptor impurities, a non-uniform strain distribution will generally lead to damped envelope modulations, on a time scale t damp . This effect is commonly observed for phosphorus donor impurities in silicon, even without intentionally introducing additional strain. 17 For an experiment in which biaxial tensile strain is induced, as in Ref. 4 , we estimate the variation in the hyperfine parameters δA αβ across the sample from the degree of heavy-hole/light-hole mixing generated by the Bir-Pikus Hamiltonian. 40, 41 This gives a variation δA αβ /A ∼ δ / , where is the average strain along x 1 and x 2 and δ describes the variation in strain accross the sample. To resolve the modulation frequencies with a resolution A , we therefore require a sufficiently long damping time t damp ∼ /δA αβ /A . In terms of strain, this condition requires a variation that is small compared to the average, δ / 1.
V. CONCLUSIONS
Understanding the hyperfine coupling of valence-band (hole) spin states is an important step to predicting and controlling spin qubits derived from these states. Boron-acceptor-spin qubits show potential for rapid local electric-field control, with relative immunity to electricfield noise, 1,2,4 but the hyperfine couplings for these qubits are still relatively poorly understood. This hyperfine coupling may be small enough that it is difficult to resolve with certain spectroscopic techniques, 8 but, as we have shown, it may lead to a significant echo envelope modulation at moderate magnetic fields.
As a concrete example, we have calculated the echo envelope function for a hole spin confined to a boron acceptor in silicon. Without induced strain, the hole spin will show virtually no envelope modulations. In contrast, a qubit defined in, e.g., the two-dimensional light-hole subspace will show substantial modulations. This qubit can be energetically isolated through biaxial tensile strain. The form of the hyperfine tensor in this case is given by the symmetry of the underlying electronic states. By accounting for semiempirical corrections to the envelopefunction approximation, we have estimated the typical size of the hyperfine parameter. With this knowledge, we have shown that it is possible to maximize the visibility of envelope modulations with an appropriate orientation of the applied magnetic field. Similarly, an experiment with the 'incorrect' magnetic-field orientation [θ = 0, π/2 in Fig. 1(b) ] would show no modulation at all.
When the envelope modulations are visible, they can be used to accurately quantitatively determine the hyperfine tensor for a hole-spin qubit at an acceptor impurity, allowing for better control of hole-spin qubits and the nuclear spins that couple to them.
There will be small corrections to the analysis presented here due, e.g., to the electric quadrupolar interaction with a nuclear spin I > 1/2, p-d hybridization of the microscopic electronic states, and further central-cell corrections that are not captured in our simple semiempirical approach. Many of these effects (beyond the scope of the present work) could potentially be captured using ab initio methods that have previously been applied to phosphorus donors in silicon. 42 An especially intriguing future question is whether the hyperfine tensor for an acceptor-spin qubit can be efficiently tuned or modulated through local strain or electric fields. The strong anisotropy present in hole-spin hyperfine coupling may also provide an advantage in directly controlling the nuclear spin for a quantum memory or ancilla qubit. 
